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A triangle free graph which cannot be \/“j embedded in a unit sphere is 
constructed. The construction uses the powerful orthogonal representation of graphs 
due to Lovasz, and exhibits a strong connection between embeddability and 
Ramsey numbers. We also show that for every E > 0 there is a triangle free graph 
G, that is not m embeddable, thus settling Larman’s conjecture. 
1. INTRODUCTION 
Let Sd be the unit sphere of Ed+’ and let G be a graph. A A-embedding of 
G in Sd is an embedding of V(G) in Sd in such a way that two vertices in 
V(G) are joined by an edge if and only if the distance between their images 
is not less than 1. If 1 > fi, then no J-embedded graph contains a triangle. 
Erdos and Rosenfeld [2], have conjectured that every triangle free graph can 
be L-embedded for some A > fi. Larman, in an ingeniously complicated 
manner [3 , constructed a triangle free graph G that cannot be J-embedded 
for I > k g/3. By using the powerful orthogonal representation of graphs 
introduced by Lovasz [5] we give a relatively simple construction of a 
triangle free graph that is not fi-embeddable. We also connect this problem 
with the Ramsey numbers R(K,; k). Finally, using Konyagin’s theorem, 
Larman’s conjecture that for every E > 0, there is a triangle free graph which 
is not fi-embeddable is proved. 
2. DEFINITIONS, NOTATION AND PRELIMINARIES 
An a-representation of G in Sd is an embedding of V(G) in Sd such that if 
two vertices are joined by an edge the distance between their images is a, 
191 
0095-8956/82/050191-05$02.00/0 
Copyright 0 1982 by Academic Press, Inc. 
All ri&ts of reproduction in any form reserved. 
192 MOSHE ROSENFELD 
and if they are not joined by an edge the distance is less than a. The vertices 
of G will be denoted by { l,..., n}. The size of a graph is the number of edges 
in it, the independence number of G is denoted by a(G). A family of graphs 
is closed if it contains with any graph G all its subgraphs. The strong 
product of graphs G, X ..a X G, is a graph with vertex set 
Y(G,) x .-- x V(G,), two k-tuples joined by an edge if the corresponding 
vertices in each coordinate are either joined by an edge or equal. The join of 
the graphs G, ,..., G, , denoted by G, V G, V . . . V G, , is a graph obtained by 
taking disjoint copies of G,,..., G, and adding all edges between disjoint 
copies. An orthogonal representation of G is an embedding of V(G) in Sd 
such that if two vertices are not joined by an edge, then their images have 
distance fl. Thus a fi-representation of G (the complement of G) is an 
orthogonal representation, but it is not necessarily true that every orthogonal 
representation is a @representation of G. A vector b E Ed+ i is a stem 
vector for a given representation if (b, q(i)) > 1 for every vertex i E V(G). 
(1) If b is a stem vector for G, then (b, b) > a’lk(Gk) Lovasz [S]. 
(2) Every finite graph admits an a-representation for some a > fi. 
Indeed if V(G) = (l,..., n), let A = (aij) be a positive semidefinite matrix with 
a,, = 1, aij = - l/n, if (i,j) E E(G) and uij = aii > 0, otherwise it is easy to 
see that such a matrix exists, yielding an a-representation with 
a =dw The details of this construction are included in the proof of 
Theorem 1. 
(3) If X, )...) X, are vectors in Ed, then the symmetric matrix 
A = ((Xi, X,)) is positive semidelinite. 
3. MAIN RESULT 
THEOREM 1. If Fa is a closed family of graphs and if every G E Ya is a- 
embeddable, then G admits an a-representation. 
Remark. By (2) every graph has a fi-representation. Hence we assume 
that a > fl. 
ProoJ: Assume that the theorem is false, and let G be a graph with 
smallest number of vertices and of smallest size that does not admit an a- 
representation. Among all possible a-embeddings we choose an embedding rp, 
that maximizes the number of edges of G of the shortest length a. Let 
I,..., ek} be the edges of p(G) that have length >a; and let 
r;4 = G\{ e, ,..., ek} - G, c G, hence G, E g=. By the choice of G, G, has an a 
representation rp*. Consider the matrices: 
A = Caij) = ((rp*W, U,*(A)> and 
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Both matrices are symmetric positive semidefinite matrices satisfying 
ai*=bi,= 1. 
(0 If (U) E E(G,), then II&) -nil = Ilv*W - cp*(j)II = a and 
aij = b, = f(2 - a’). 
(ii) If W E E(G)\E(G,), then IIdO - rp(.8II > a9 Ilv*(i) - (~*U)ll 
< a. Hence aij > $(2 - a’) and b, < f(2 - a’). 
(iii) If (i,j) @ E(G), then aij, b, < f(2 - a*). 
Let E = max[(2 - a* - 2uij)/(2bij - 2aij)](i,j) E {e,,..., ek}. By (ii) we have 
0 < E < 1. Also for (i,j)E (e , ,..., ek} E > (2 - a* - 2uij)/(2bij - 2uij) implies 
(1 - a) uij + eb, < 4(2 - a”) with equality for at least one edge 
(4 Jo) E {e i ,..., ek}. Let C = (1 - E) A + EB. Since A and B are symmetric, 
positive semidefinite, and since 0 < E < 1, then so is C. 
From the previous steps it follows that: 
tl) cii= l7 
(2) For (i, j) E E(G,) U {(i,, j,)} Cij = $(2 - a’). 
(3) For (i, j) E E(G) cij Q f(2 - a’). 
(4) For (ij) 4 E(G) clj > f(2 - a’). 
Since C is positive semidefinite, then C = M . MT. Define y(i) = m, (the ith 
row of the matrice M). Cii = 1 implies IImil( = 1. If (i, j) E E(G,) U {(i,,, j,)], 
then cij = 4(2 - a’) implies (mi, mj) = f(2 - a’) and /IV+ - mjl( = a. If 
(i,j) E E(G), then cij < i(2 - a’) implies (m,., mj) Q $(2 - a’) and 
II mi - mjll 2 a and finally, (i, j) e E(G) implies Cij > f(2 - a’) and 
II mi - mjll < a. Thus v is an a-embedding of G in S”-’ having more edges of 
length a than cp. This contradicts the choice of cp and hence G has an a- 
representation, 
THEOREM 2. If G E FO’,, then G has an orthogonal representation with 
stem vector b such that (b, b) = a’/(a’ - 2). 
Proof: By Theorem 1, G has an a-representation 9: G + S“. Consider the 
mapping w: G + Sd+’ defined by 
v(i) = P 0 j/P cp(i), p=l/iZp 
If (i, j) 4 E(G), then 11 p(i) - p(j)II = a implies: (y(i), y(j)) = 
p* + (1 -p2)(2 - a*)/2 = 0. Thus w is an orthogonal representation of G. 
Let b = (l/p, O,..., 0). Obviously, (b, y(i)) = 1 and (b, b) = a2/(a2 - 2) as 
claimed. 
THEOREM 3. There exists a triangle free graph that is not @- 
embedduble. 
194 MOSHE ROSENFELD 
ProoJ The family of triangle free graphs is closed. If all graphs in the 
family are fi-embeddable, then by Theorem 2, their complements possess 
an orthogonal representation with stem vector b satisfying (b, b) = 3. Thus 
to prove our claim, by Lovisz theorem (l), it is enough to show that there 
exist graphs G, with a(G) = 2 and a(Gk) > 3k for some k. In [ 11, Fan Chung 
proved that there exists a positive constant C, and a coloring of K, by k > 3 
colors with n < c(3 . 103)k. Thus, if k is large enough n’lk > 3 . 1. Using an 
idea due to Hedrlin we construct G as follows: let K,, n > c(3 a 103)k, with a 
coloring of the edges by k colors having no monochromatic triangle given. 
Let G, ,..., G, be graphs with V(G,) = V(K,) and e E E(G,) if it is not colored 
“i.” Since there is no i-colored triangle in K,, a(GJ < 2. Let G = 
G,VG,V ... V G,. Obviously, a(G) = 2. The graph G, X G, X ..e X G, is 
an induced subgraph of Gk. In this subgraph, the set {(g,..., g)]g E V(K,)} is 
an independent set of n vertices. Hence, a(Gk) > n and allk(Gk) > 3 . 1. 
Remark. If there is an a > fi, such that every triangle free graph is a- 
embeddable in some unit sphere, then Theorem 1 and 2 and (l), would imply 
that the Ramsey number R(K,, k) satisfies R(K,; k) < (a’/(a’ - 2))k. 
After completion of this paper, Lovisz (private communication) has 
brought to my attention the following theorem due to Konyagin [ 31: There is 
a set of n unit vectors x , ,..., x, in Euclidean space, such that: (i) among any 
three of them there is at least one pair of orthogonal vectors and (ii) 
~$=‘-;y > c,n”.54 for some absolute constant c,. Define a graph G, by 
x, ,..., xn} and E(G,) = ((xi, xi)] (xi, xj) # 0). Since among any 
threi vectors, there is a pair of orthogonal vectors, G, is triangle free. Let 
B = (l/n)(J?,) 1 < i, j < n, piqj = (xi, xj). Here B is a positive semidefine 
matrix with tr(B) = (l/n) x7=, ( xi, xi) = 1. Furthermore, if (xi, xj) E E(G,), 
then pij = (l/n) (xi, xj) = 0. We have 
By Lo&z’s theorem [4, Theorem 41, any Stem vector b satisfies 
(b, 6) > v(G,) > c; n”.08. Hence for every E > 0, if n is large enough, 
4 n0.08 > a’/(a’ - 2); (a = m), thus G, is not a-embeddable. This 
settles Larman’s conjecture. The graphs G, constructed by Konyagin can be 
explicitly described by V(G) = {(e, ,..., e,) ] e, = 0, 1; n = 3m - I} and 
E(G,)={(E,E’)IC1,,)ei-eei’l~2m}. 
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